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Abstract. A separabledecompositionof bidirectionalreflectancedistributions
(BRDFs)is usedto implementarbitraryreflectancesfrom pointsourcesonexist-
ing graphicshardware. Two-dimensionaltexturemappingandcompositingop-
erationsareusedto reconstructsamplesof theBRDFateverypixel at interactive
rates.
A changeof variables,theGram-Schmidthalfangle/differencevectorparameter-
ization,improvesseparability. Two decompositionalgorithmsarealsopresented.
Thesingularvaluedecomposition(SVD) minimizesRMSerror. Thenormalized
decompositionis fastandsimple,usingno morespacethanwhat is requiredfor
thefinal representation.

1 Introduction

Traditionallyhardwarerenderersonly supportthePhonglighting model[19] in combi-
nationwith Gouraudshading.However, thePhonglighting modelis strictly empirical
andphysicallyimplausible.Gouraudshadingalsotendsto undersamplethehighlight
unlessa highly tessellatedsurfaceis used.

In general,surfacereflectancecanbedescribedusingabidirectionalreflectancedis-
tribution,or BRDF. Thereflectanceequationdescribestheoutgoingradiance�������	 ��
 x �
in direction �	 � at a surfacepoint x asan integral over the irradiance�
�����	 ��
 x �������������
at thatsurfacepointweightedby theBRDF �����	 ��
 x 
��	 ��� :� � ���	 � 
 x ���  �! �����	 � 
 x 
��	 � �"� � ���	 � 
 x ������� � � �$# �	 � 

with ���%� � � � �'&)(�*+���	 �-, �n 
�.�� where �n is thesurfacenormalatx and / is thehemisphere
of incomingdirections.For 0 point sources,thereflectanceintegral reducesto

�
�����	 ��
 x �1� 23 �5476 �����	 ��
 x 
��	 �8�����%��������9 �:�;� (1)

where: � is thedistanceto light source< and 9 � is its intensity. While point sourcesare
not ideal(glossysurfacesdon’t really look glossyunlessthey reflecttheenvironment),
wewould still at leastlike to rendersurfacesat interactive ratesusingthis model,with
arbitraryBRDFs,evaluatedatper-pixel resolution.

Neglectingx (andwavelength),BRDFsareparameterizedby at leastfour degrees
of freedom. Analytic evaluationof a BRDF is possibleusingprogrammableshaders
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[18], but suchcapabilitiesarenot yet widely availablein hardwareandmeasureddata
still cannotbeuseddirectly. TabulatedBRDFscouldbeimplementedin hardwareusing
four-dimensionaltexturemaps,but this would beexpensive: 50MB would berequired
for (therelatively low) resolutionof =?>?@ at threebytespersample.To rendermultiple
surfaceswith differentreflectancefunctionsat interactiverates,acompressedrepresen-
tationthatusesexisting two-dimensionalhardwaretexturingcapabilitiesis desirable.

Recentlyseparabledecompositionshave beenproposedfor compressingBRDFs
[4, 5, 22]. Separabledecompositionsapproximate(to arbitraryaccuracy) ahigh-dimen-
sionalfunction � usinga sumof productsof lower-dimensionalfunctionsA�B and CDB :

���FEG
�HI
-JK
�LM�ON P3BQ4R6 A B �SEG
�HK�"C B �FJT
�LM�VU (2)

Separabledecompositionsarecapableof high compressionratesif goodapproxima-
tionscanbefoundfor small W . Separablerepresentationsarealsomucheasierto eval-
uatepointwisethanotherrepresentations,suchas X -nearestneighbors[6], wavelets,or
sphericalharmonics[26].

As wewill demonstrate,undercertainchangesof variablesmany BRDFsarehighly
separable,andsoa smallnumberW of low-dimensionalfunctionscanbeusedto rep-
resentthemaccurately. In fact, WY�[Z hasproven to be visually adequatefor many
interestingBRDFs;seecolourFigure12. Becauseof thesimplicity of thereconstruc-
tion process,we canperformit at interactive ratesusingexisting hardwaresupportfor
texturing, compositing,anddiffuselighting. Of course,this methodis alsoapplicable
to softwarerendering;fastevaluationof BRDFscanbe performedusingonly a few
texturelookups,multiplicationsandadditions.

2 Overview

Thetechniquedescribedin thispaperis composedof two distinctphases.
In thefirst phasea targetBRDF is analyzedanda suitableseparablerepresentation

found.Algorithmsto accomplishthisarediscussedin Section4.
Oncea representationis found,it canbeusedin imagesynthesis.In this paperwe

focuson interactive rendering,on existing hardware,with respectto the point-source
lighting model (eq. 1), althoughthe separablerepresentationof BRDFs is alsovery
usefulin softwarerendering.

Thebasicalgorithmfor hardwarerenderingreplacestheevaluationof theBRDFby
thesumof productsof lower dimensionalfunctions(substitutingeq.2 into eq.1). The
functionsA�B and CDB areheldin texturemaps,themultiplicationsaredoneusingeither
compositingor multitexturing, thecosineterm is evaluatedusingdiffuselighting and
texture modulation,andthe summations(if W]\^Z or morethanonelight sourceis
required)aredonewith anaccumulationbuffer or compositing.

Hardware-acceleratedinteractive renderingimposesa numberof constraints.The
mostseriousis thattheparameterizationof thetexturemapsmustbeconsistentwith lin-
earinterpolationof texturecoordinatessoPhongshading(per-pixel tangentandnormal
interpolation)canbeaccuratelyapproximated.Theseconstraintsinteractwith changes
of variablesthatareusefulfor increasingtheseparabilityof BRDFs.Suitableparame-
terizationchoicesandtheir effectson quality arediscussedin Section5. In Section6
wedescribebriefly how thecapabilitiesof existinggraphicshardwarecanbeexploited
to achieve interactiverenderingperformance.
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3 Prior Work

Representationsof reflectancefunctionsfall into two categories:

1. Parameterizedmodelsfor specifickindsof BRDFs.
2. Generalapproximationtechniques.

Themostfamiliar specializedparametricrepresentationis probablythe Phongmodel
[19], which wasoneof the first reflectancemodels. Ward [25] haspresenteda more
sophisticatedmodelbasedonanisotropicGaussianlobesfittedto variousBRDFs.Heet
al. [7] havederivedaphysicallybasedmodelbasedonKirchhoff diffraction(calledthe
HTSG modelhere),which also takeswavelengthinto account. Poulin andFournier
[20] have proposeda model basedon self shadowing of microcylinders. Thereare
othermodels,but weusethesefor examplesin thispaper.

Therearealsomany BRDFapproximationtechniques.Schr̈oderandSweldens[23]
have representedBRDFs using sphericalwavelets. Koenderinket al. [12] have ex-
pressedBRDFsin termsof an orthonormalbasisusingZernike polynomials. Lafor-
tuneet al. [13] have usedan approximationbasedon the summationof generalized
Phongcosinelobes.Cabralet al. [3] werethefirst to usesphericalharmonicsto repre-
sentBRDFs.Fournier[5] usedasumof separablefunctionsfor representingreflectance
models.

Noneof themoregeneralapproximationmodelshave beenusedin interactive ren-
dering.Theproblemwith many of theaboverepresentationsis thatinteractivehardware
implementationswould requirecompletelynew hardware—they do not build on exist-
ing capabilities.Theexceptionto this is Fournier’sseparablerepresentation,whichcan
beimplementedusingexistingsupportfor texturemappingandcompositing.

To ourknowledgetherehasonlybeenoneattemptto incorporatemoresophisticated
reflectancemodelsinto interactive renderingwithout generalshadersupport.Heidrich
andSeidel[8] analyticallyseparatedtheBanksanisotropicmodel[2] andhaveproposed
a singlepassrenderingalgorithmusingtexturemapping.Our approachis similar but
weconsiderthemoregeneralcaseof arbitraryBRDFs.

4 Decomposition

Thefirst phasein theapplicationof this techniqueis generationof a separabledecom-
positionof eachBRDF. Decompositionis donein advanceof rendering,andneedonly
be performedonceper BRDF. The result is a compressedrepresentationthat canbe
storeduntil needed.

Neglectingpositionandwavelengthdependence,a generalanisotropicBDRF � is
a functionof four degreesof freedomcorrespondingto incidentdirection �	 � andview
direction �	 � . In Section5 wewill look at severalreparameterizationsthatcanincrease
the effective separabilityof a BRDF, so assumethat the parametersof the BRDF are
x � P _T���	 �"
`�	 �a� andy � P b����	 ��
��	 �c� for vectorfunctionsP _ andP b .

A separabledecompositionapproximatesamultivariatefunction � asasumof prod-
uctsof functionsA�B and CDB of lowerdimensionality:�����	 ��
��	 ���O� ��de� P _K���	 ��
��	 �c�Q
 P b����	 ��
��	 �c���Qf� d � x 
 y �ON P3BQ476 A B � x �"C B � y �QU (3)
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Our methoddoesnot assumethata BRDF is single-termseparable.A BRDF can
alwaysberepresentedaccuratelyusingaseparableexpansion,if enoughtermsareused.
However, we have found that a goodapproximationcanbeachievedwith only a few
termsandoftena singletermis sufficient if a goodparameterizationcanbefound.

Wewill considertwo algorithmsfor findingappropriatefunctionsA B and C B : singu-
lar valuedecompositionandnormalizeddecomposition.Thesingularvaluedecomposi-
tion (SVD) canproduceoptimalapproximations,but is relatively expensivein timeand
space.We have developedanapproachcallednormalizeddecomposition(ND), which
is amuchsimplertechniquethatcanproducegooddecompositionsin timelinearin the
numberof BRDFsamplestaken.It usesnomorespacethanrequiredto storetheoutput
factors.

4.1 Singular Value Decomposition

Givena matrix M, thesingularvaluedecomposition(SVD) [1, 21] of M is the factor-
izationM � USV g wherethecolumnsof U �ih u Bcj andV �ih v Bkj areorthonormaland
S � diag �FlIB%� is a diagonalmatrix of singularvalueslIB . Thematrix productUSV g
canbewrittenasasum:

M � m3BQ476 l B u B v g B U
Notethateachtermu B v g B is anouterproduct, i.e.amatrixwhoseelementsareproducts
of anelementof u B andanelementof v B U

The singularvalues l B arepositive and monotonicallydecreasingin magnitude.
Truncatingtheabovesumresultsin anoptimalrootmeansquareapproximationof M.

Assumewehaveatabulated,reparameterizedBRDF �?de� x 
 y � thathasbeensampled
at somecollection of npoqn parametervalues. Define a matrix M �ph rs�ut�j withrv�wtx�y��de� x �"
 y t�� ; in otherwords,let x beconstantfor eachrow of thematrix,andlet
y beconstantfor eachcolumn:

M � z{| ��de� x 6�
 y 6c� UkUkU1��de� x 6�
 y m �...
...

...� d � x m 
 y 6 �]UkUkU}� d � x m 
 y m �
~���

If we interpolateu B and v B of the SVD factorizationof this matrix into the two-
dimensionalfunctions �$B�� x � and �%B�� y � andthentruncatetheseriesat W���n terms,
wehave theapproximation��de� x 
 y �ON P3BV4R6 lDBa�$B�� x ���%B�� y �QU

Thereareseveralmajordrawbacksto theSVD.First, it alwaysresultsin aleastroot
meansquareapproximationof M; it is notpossibleto specifya fundamentallydifferent
norm.

Secondly, theexpansioncontainsnegative factorsthatarenot compatiblewith the
strictly positive natureof reflectance,nor mostgraphicshardware. For the first term
thesenegativevaluescanusuallybecancelledout,but not for laterterms.

Finally, the memoryconsumptionof the matrix M grows rapidly with the desired
resolution.If wesampletheBRDF64timesalongeachparameter, theresultingmatrix
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consumesabout67MB, assuming4 bytes(a float)persample.If wesampletheBRDF
128timesin eachdimension,thematrixwouldtakeupabout1GB.Theresultingtexture
mapswouldbeonly =�>�o�=?> or Z����Mo�Z���� pixelsin size.Smallertexturemapsthanthis
mayresultin visualartifacts.

4.2 Normalized Decomposition

The SVD is too expensive for high-resolutionfactorizationsand it alwayscomputes
a full approximation,which is often not necessary, asa few termsusuallysuffice for
a goodapproximation.The NormalizedDecomposition(ND) algorithmcanbe used
insteadin many situations.

Considerfirst asingle-termapproximation��de� x 
 y ��N����dG6�� x 
 y ����A�6�� x �"CD6�� y �VU
If x is fixed, A�6�� x � is a constant,scalinga profile givenby CD6�� y � . To find a single-term
separableapproximation,find the averagenormalizedprofile along y andstoreit inCI6�� y � , thenstorethenormalizationfactorsin A�6�� x � .

Although the ND methoddoesnot guaranteeoptimality, testsshow that single-
term approximationsusingthe SVD arein mostcasesvisually similar to single-term
approximationsfoundusingtheND.

A wideclassof approximationscanbecomputedusingthe � -norm:A�6�� x �O� �  `��� ��d � � � x 
 y � # y �s�� 
CI6�� y �O� Z� �q�  �� � d � x 
 y �A�6�� x � # x U
To implementtheND algorithmtheseintegralsmustbecomputednumerically.

Normalizeddecomposition(ND), besidesbeingconsiderablyfasterthanan SVD,
takesmuchlessmemory. We cansampletheBRDF andcomputethe averageprofile
andnormsincrementally, ratherthanhaving to storeandoperateona largematrix. The
onlymemoryneededis thatfor thetwooutputfunctionsA�6�� x � and CD6�� y � . Theaveraging
processusedto computetheoutputfunctionsalsoreducesnoise,so thetechniquecan
beusedwith goodresultsonnoisymeasureddata.

A single-termND expansioncontainsonly positivefactors,sincetheBRDF � must
bepositiveeverywhere.For multi-termexpansions,approximationof sequentialresidu-
alscanbeused.However, sincetheresidualswill containnegativevalues,theadditional
termswill containfactorswith negativevalues.

5 Parameterization

Theparameterizationof theBRDF cansignificantlyaffect separability. Figure1 visu-
alizestheeffect of reparameterization.Two imagesaredecomposedandreconstructed
by theND algorithm.Theoriginal imageis notreconstructedverywell. Thereparame-
terizedimage,whichis rotatedin orderto aligntheobjectwith theboundaries,is much
betterapproximated.

As we focus on hardware renderingthe parameterizationof the functionsof the
resultingseparableform mustalsobecompatiblewith the linear interpolationof tex-
ture mapcoordinatesperformedin hardware. If this techniqueis usedwith per-pixel
evaluationof texturecoordinatesany bijectiveparametrizationof BRDFscanbeused.
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Fig. 1. Reparameterizationcanimprove the
performanceof decomposition.In thiscasethe
SVD would result in a perfectsingle-termre-
construction. The ND algorithmusedin this
figureresultsin ablurrier reconstruction.

Fig. 2. Surfacecoordinatesystemusedto pa-
rameterizea BRDF. The surfacenormal is �n,
the primary surfacetangentis �t, and �s is the
secondarysurfacetangentperpendicularto �n
and �t.

We have not found a singleparameterizationthat works well for all BRDFs,al-
thoughwehavefoundparameterizationsthatwork well for broadcategoriesof BRDFs.
This is to beexpecteddueto thedifferentsurfacephenomenathatcontributeto varia-
tion in reflectance,asshown in Figure3. Eachof thesephenomenonalignsthefeatures
theBRDFalongdifferentaxes.We will show examplesof thesetradeoffs in Figure5.

B: Subsurface ScatteringC: Deep MicrogeometryA: Microfacets
Example: rough metal Example: human skin Example: velvet

Fig. 3. Surfacephenomenathatcontributeto BRDFs.

5.1 BRDF Parameterization

Thestandardparameterizationof a BRDF is with respectto the incidentdirection �	 �
andviewing direction �	 � relative to a local surfaceframeat x. A unit lengthvector �a
canbeexpressedin sphericalcoordinates�S�K� �a �V
-�7� �a ��� relativeto thelocalsurfaceframe� �n 
 �t 
 �s � (seeFigure2) asfollows:���%�`�K� �a �O� �n , �a 
� (�� �7� �a �O� � �s , �a ��¡�� �t , �a �QU
Let � � �'�K���	 � � , � � �¢�7���	 � � , � � ���K���	 � � and � � �'�7���	 � � .
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Many BRDFsarenotespeciallyseparablewith respectto thestandardincident/view,
or �S����
-�I�£��o¤�S���%
-�I�a� parameterization.

Verygoodresultscanusuallybeobtainedusinganelevation/azimuth,or �S����
����a�¥o�¦�I��
-�I��� parameterization,whichis unfortunatelynotdirectlycompatiblewith hardware
texturemapping;seeSection5.3.

Rusinkiewicz [22] hasparameterizedthe BRDF in termsof the halfway vector �h
(thevectorhalfwaybetweentheincidentandoutgoingray)anda“dif ferencevector” �d:�h � norm���	 �T§¨�	 �a�V
�d � � Rot

� �s 
k©ª�T� �h �Q�¥« Rot
� �n 
c©¬�R� �h �-���
�	 ��U

Thetwo rotationsarechosento rotate �h to thepoleof anew coordinatesystem,whichis
visualizedin Figure4; �d is in fact �	 � , but parameterizedwith respectto thistransformed
frame. The Rusinkiewicz reparameterizationcanbe interpretedasa changeof basis
with thenew basisfoundby a Gram-Schmidtorthonormalizationof

� �h 
k© �n 
 �n o �h � :�h � norm���	 �I§¨�	 �a�Q
�v � �h o �u 
 �u � © norm� �n ©­� �n , �h � �h �V
�d � h"�	 � , �h 
`�	 � , �u 
��	 � , �vj g U
AlthoughtheRusinkiewicz parameterizationmakesmany BRDFsmuchmoresepara-
ble, it is numericallyunstableif �h N �n. This makesit unsuitablefor hardwareinterpo-
lation;seeSection5.3.
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Fig. 4. Two differentviews of the Rusinkiewicz parameterization.View 1 (left): The angles®S¯V°�±"²�°
) of the “dif ference”vector �d arerelative to �h andthe planecontaining �h and �n. View

2 (right): TheRusinkiewicz parameterizationgeneratesa new orthonormalframeconsistingof�h, a vector �u perpendicularto �h and in the sameplaneasboth �h and �n, anda third vector �v
perpendicularto both �h and �u. The vector �³$´ is analyzedagainstthis new frameto obtainthe
differencevectorcoordinates.

To avoid the numericalinstability, we caninsteadapply Gram-Schmidtorthonor-
malizationto

� �h 
 �t 
 �s � :�h � norm���	 �I§µ�	 �c�Q
�s ¶·� �h o �t ¶F
 �t ¶ � norm� �t ©­� �t , �h � �h �Q
 (4)�d � h"�	 � , �h 
��	 � , �s ¶8
��	 � , �t ¶wj g U
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Note that �h cannotequal �t for any true surfaceframe. For vertex framesthat arenot
exactlyalignedwith thesurface,asusedin computergraphics,it is theoreticallypossi-
ble for �h to becloseto �t but only for glancingretroreflection(for which themajorityof
BRDFsare0), andeventhenfor only oneview direction.

This parameterizationmay not align anisotropicfeaturesof the BRDF and does
not have the samesymmetriesas the Rusinkiewicz parameterization,but in practical
applicationsit is numericallystableandit is compatiblewith hardwareinterpolation.

5.2 Error Analysis

To comparetheseparameterizations,we testeda numberof analytic and measured
BRDFs[10]. EachBRDFwassampled32 timesalongeachdimensionandaseparable
decompositionwascomputedusingtheSVD. To obtaina consistentparameterization-
independentcomparisontheRMS errorof theoutgoingradiancewasestimatedusing
8000Monte Carlo samplesevenly distributedover both the incidentandview hemi-
spheres.Eachsamplewas computedby multiplying the value of the approximated
BRDF with thecosineof the incidentelevationangle(i.e. � � ). This choicewasmade
becauseoutgoingradiancecorrespondsto whatis actuallyperceivedby theeye.
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Fig. 5. CosineweightedRMS luminanceerror for all parameterizationsandBRDFsfor the
velvet,HTSGcopper, Poulin-FourniermicrocylinderbrushedmetalmodelandWard’smodel,as
a functionof thenumberof termsin anSVD. Thenon-zeroasymptoticerroris dueto sampling
andthebilinearinterpolationusedto reconstructacontinuousversionof eachfactor.

Resultsareshown in Figure5. Thenon-zeroasymptoticerroris dueto thebilinear
interpolationusedto reconstructa continuousversionof eachfactor. Theasymptotic
errorsshown in Figure 5 are also highly dependenton the size of the texture maps
usedandthe averagevalueof eachBRDF. Figure6 shows the dependency between
texture map size and RMS error. Note that the asymptoticerror may not decrease
monotonically, dependingonhow theBRDFinteractswith thesamplinggrid, andhow
antialiasingis performedduringBRDFsampling.

RMS error is not a totally appropriateerror metric, as it tendsto overweightthe
peakswhile underweightingthe diffusecolour. Futureresearchshouldconsiderap-
propriateerror metricsfor BRDF approximations,perhapsby analyzingshape-from-
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Fig. 7. The resulting texture maps(as XY
hemispheremaps)after decomposingWard’s
model in the Gram-Schmidtparameterization
with the ND algorithm. SeeFigure10 for an
imagerenderedwith thesetexturemaps.

shadingalgorithmsin the context of the nonlinearintensitysensitivity of the human
visualsystem.

With respectto RMS error, we found thatno singleparameterizationwasthebest
for all theBRDFswe tested.BRDFsthataredominatedby specularor near-specular
reflectionoff randomlyorientedmicrofacets(Figure 3A), suchas HTSG modelsof
roughmetalor Ward’s model,wereusuallybestapproximatedby halfvectorparame-
terizations.Mattematerialsin which “thick” microgeometryandself-shadowing were
presentandthathadcolourshiftsat normalviewing angles,suchasmattetranslucent
paintsor velvet (Figure3B&C), hadBRDFsthat usuallyweremostseparableusing
thestandardincident/view parameterization.CertainBRDFs,suchasglossyiridescent
paints,maybebestapproximatedusingasumof two termswith differentparameteriza-
tions.Theelevation/azimuthparameterizationwassurprisinglyeffective in mostcases.

5.3 Factor Parameterization

Now wehaveto find asuitablerepresentationof thefunctionsin aseparableexpansion
thatallows for a goodinterpolationof theparameters.Severalpossiblerepresentations
[9, 14, 17] permitbilinearinterpolationin the �S�7
��`� -spaceof texturemapsto approxi-
matesphericalinterpolationof unit vectors.

Mappinga sphericalcoordinate�S�`
Q�$� representationdirectly onto thecoordinates
of a texturemapdoesnot give thedesiredresult,sinceinterpolationdoesnot correctly
wraparoundin � usingtheshortestpathover thehemisphere.

Hemispheremapsareabettersolutionto angularinterpolation.TheXY hemisphere
mapjustprojectsagivenunit vector �a ontothetangentvectors:¸ _¹� �a , �t 
 ¸ bº� �a , �s U
Now wehave to map ¸ _ and ¸ b into theusualrangeof texturecoordinates:»�¼ � Z� � ¸ _¬§�Z��Q
 »�½ � Z� � ¸ b §�Z��QU (5)

If problemswith backfacingvertex framesareencounteredit is betterto usepara-
bolic maps[9], whichautomaticallytakecareof negative ¸�¾ � �a , �n andscaletheother
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coordinatessothey lie outsidetheunit circleandextendout to infinity smoothly:» ¼ � Z� � ¸ _Z�§ ¸�¾ §'Z � 
 » ½ � Z� � ¸ bZ�§ ¸�¾ §'Z � U
Thiscomputationcanbeaccomplishedwith aprojectivetransformationandnormaliza-
tion (requiredanywaysfor correcttexture coordinateinterpolation)so the net cost is
justanotherdotproductto computȩ ¾ .

TheRusinkiewicz parameterizationdoesnot work well with hemispheremaprep-
resentations.Our approachcalculatestexture coordinatesonly at vertices;linear in-
terpolationof texture coordinatesis usedwithin polygons. The differencevectorsat
the verticesof polygonscoveredby a highlight tendto be parameterizedwith wildly
differentvalues(i.e., vary heavily in �I¿ ) in theRusinkiewicz parameterization.Bilin-
ear interpolationthencalculatesincorrecttexture coordinates,which introducesvery
visibleerrors.

The elevation/azimuth�S����
����a�Ào��¦�I��
-�I�a� parameterizationis alsonot compatible
with hemispheremaps. When interpolatingazimuthanglesthe shortestdirectionof
interpolationneedsto bechosen,takinginto accounttheperiodicityof both �I� and �I� .
Neitherhemispheremapsnorperiodictexturessatisfythis requirement.

Theincident/view �S� � 
-� � ��oM�S� � 
Q� � � parameterizationworkswith hemispheremaps,
and certain“deep microgeometry”BRDFs (suchas velvet) aremore separablewith
respectto thisparameterization.

The new Gram-Schmidthalfvectorparameterizationcombinedwith an XY hemi-
spheremaprepresentationof the functions A�B and CIB hasprovento bea goodcombi-
nationfor many near-specularBRDFsandis givenin full by thefollowing:�h � norm���	 � §¨�	 � �V
Á ¼ � � �h , �t §'Z���¡?��
Á ½ � � �h , �s §�Z���¡��`


�t ¶·� norm� �t ©­� �h , �t � �h �V
�s ¶ � �h o �t ¶ 
Â ¼ � ���	 � , �t ¶ §'Z���¡��`
 (6)Â ½ � ���	 � , �s ¶ §'Z���¡��`

Thebottomleft imageof Figure10 shows Newell’s teapotrenderedwith a single-

termdecompositionof Ward’s modelusingtheND algorithmandtheabove parame-
terization.Figure7 shows thecorrespondingtexturemapsthatwereusedto renderthe
single-termapproximation.

6 Rendering

Compositingandtexturing operations,which arealreadyavailablein currentgraphics
hardwarethroughOpenGLor Direct3D,canbe usedfor interactive reconstructionof
a separablydecomposedBRDF. Framebuffer and texture map arithmeticis usedto
reconstructtheoutgoingradiance(eq.1) in parallelfor eachpixel.

For eachterm, first renderthe scenewith one diffusely illuminated texture map
factor. Withoutclearingthecolourordepthbuffers,renderthesceneagainwith constant
illuminationandthesecondtexturemap.Texturecoordinateshaveto berecalculatedat
eachvertex whenevertheview or relativelight sourcepositionchanges.For thesecond
pass,setthe depthtestto “equality” andsetthe compositingoperationto “multiply”.
Theaccumulationbuffer canthenbeusedto summultiple terms.With multitexturing,
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1. Calculate texture
coordinates Ã and Ä for each
vertex (see Equation 6).

2. Clear the colour and depth
buffers.

3. Set up a simple Lambertian
lighting model.

4. Render the scene using ÅkÆ�ÇÈÃVÉ
as a texture map on the
diffuse reflectance. The
result in the colour buffer
is ÅkÆ�ÇSÃVÉSÊTË"ÌVÍ�Î¬Ï ´FÐ-Ñ�Ò .

5. Set the Ó -test to
‘‘equality’’.

6. Set the compositing operator
to multiply colours.

7. Turn off hardware shading.

8. Render the scene usingÔ Æ�Ç5Ä�É as a texture map. The
result in the colour buffer
is ÅkÆ�ÇSÃVÉ Ô Æ�ÇÕÄVÉFÊIË"ÌVÍ Î Ï ´FÐ-Ñ�Ò .

Fig. 8. Pseudocodefor renderingusingcon-
temporarygraphicshardware.
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Fig. 9. Renderingtimesandrateson different
platformsusingaone-term,two-factorapprox-
imation. A breakdown into stagesis shown;
the lower two stages(texture coordinategen-
erationanddisplaylist regeneration)mustcur-
rentlybedoneby thehostCPU.

theproductof two texturemapsandthediffuselighting canbeformedin asinglepass.
SeeFigure8 for pseudocodefor thisalgorithm.

For a single-term,two-factor decompositionand a model with 2048 quads,we
achievedratesof 6.7-17Hz;seeFigure9. Performancewasstronglydependenton bus
andCPU performance,as it wasnecessaryto performtangentvector transformation
andtexturecoordinategenerationon thehost.

Texturemappinga diffusetermcanreintroducea dependenceon x thatcanaddvi-
sualcomplexity; seeFigure13. As well, MIP-mappingcanbeusedto avoid highlight
aliasing,by generatingapyramidof factorizationsatdifferentresolutionlevelsandpre-
filtering theBRDFfor eachlevel. Alternatively, atsomelossin accuracy, thefactorsof
asinglehigh-resolutiondecompositioncanbefilteredanddownsampledindependently.

6.1 Hardware Rendering Issues

Our implementationneededto addressthe limitations of currentgraphicshardware,
specificallylackof dynamicrangeandprecision,limited texturecoordinategeneration
capabilities,and lack of negative numbersandsignedarithmetic. In this sectionwe
only sketchhow to overcometheselimitations;for moredetailsee[10]. Someof these
limitationshada moderateimpacton performance,but it would be relatively easyto
addressthemin new hardwaredesigns.

Cosine Term: Weusehardwarelighting to multiply theterm A B C B by ����� � � � . It could
bebuilt into thereflectancefunction,but thismightaffect theseparability.

Signed Arithmetic: Multiterm approximationswill havenegativevaluesin theexpan-
sion,which areincompatiblewith contemporarygraphicshardware.We canuse
biasingto convert theexpansionto a form thatusesonly multiplicationof pos-
itive values. Threeadditionalrenderingpassesarethenrequiredto correctfor

11



Fig. 10. Comparisonof renderingmodesusingWard’s anisotropicBRDF model [25], usingÖ °M×Ø®£ÙaÚ Û?±�Û�Ú Û?±�Û?Ú Û�Ü
,
®SÝIÞ%±�ÝDßaÜà×Ø®SÛ�Ú á�Ùa±�Û�Ú Ûkâ�ã�Ü

, and
Ö�ä ×­Û?Ú å

. Top left: Gouraudinterpolation
of the BRDF evaluatedat the vertices. Top right: the BRDF evaluatedin a raytracerat every
pixel, with interpolationof theframevectorsfrom thevertices.Bottomleft: ND with oneterm
(
ÙVácãçæèÙVácã

pixels), renderedwith hardwareacceleration.Bottom right: SVD with five terms
(
åaá�æ�åaá

pixels),renderedwith hardwareacceleration.

the bias[10]. Note that all passesusethe samesetof texture coordinates.See
Figure11 for anexampleof a multi-termrendering.

Precision: Framebuffersoften only have 8 bits of precision.While this is sufficient
for someBRDFs,deeperframebuffersincreasequality. If multitexturingis used,
only themultitexturingunit needsto havehighprecision.

Dynamic Range: Framebuffersusuallyclampintermediatecolourcomponentsto the
range h .`
kZkj ; texturemapscanlikewiseonly storevaluesin therange h .`
kZkj . Un-
fortunately, BRDFsaredefinedover the range h .`
Véê� . To avoid clampingwe
multiply thetexturesby scalefactorschosento ensurethatnopossiblepointwise
productwill exceedthelimits of theframebuffer, while maximizingtheavailable
precision.In a final renderingstep,theresultmustbescaledby a productof the
reciprocalsof thesescalefactors.To avoid precisionissuesin the framebuffer,
we limit therangeof theoriginalBRDFsto h .`
-ë�j .

Texture Map Resolution: A texture map resolutionof Z����ìo�Z���� hasproven to be
adequatefor all theBRDFswe tested.Usually =�>)os=�> andsometimesevenless
is enough;seeFigure6.

While the algorithmrunsnow at interactive rateson currenthardware(Figure9),
somerelatively simpleextensionsto the graphicshardware(and/orthe graphicsAPI
anddrivers),mostimportantlysomenew texturecoordinategenerationmodes,would
permitmuchbetterperformanceandeaseof use[16].
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Fig. 11. Themicrocylindermodelrenderedwith differentnumbersof termsusingOpenGL.The
incorrectextrahighlight thatappearsusingonetermdisappearswith two or moreterms.

6.2 Software Rendering

Sofarwehavepresentedwhathasto bedoneto useaseparablerepresentationin hard-
wareacceleratedrendering.A separablerepresentationcaneasilybeusedin software
rendering:We do not have to even limit ourselvesto parameterizationsthat arecom-
patiblewith linear texturecoordinateinterpolationif texturecoordinatesareevaluated
ateachpixel.

To evaluatea BRDF at a certainposition,onehasto computea sumof products
at that position(eq.3). As we have seen,a few termsareoften sufficient to visually
approximatea givenBRDF. Thustheevaluationboils down to a few texture lookups,
multiplicationsandadditions.Implementationin a rendereror in ashadinglanguageis
straightforward.

7 Conclusions

We have investigateddifferentparameterizationsanddecompositionalgorithmsto im-
provethevisualconvergenceof theseparableapproximationtoBRDFs,andhaveshown
how reconstructionfrom this compressedrepresentationcanbeaccomplishedat inter-
active ratesusingcurrentgraphicshardware.

A modificationof theRusinkiewicz half-vector/differencevectorparameterization
[22] combinedwith a hemispheremapparameterizationof thefactorsstoredin texture
mapsgaveexcellentresultsfor “microfacet”BRDFs.

The proposedrepresentationof BRDFs can also be usedfor software renderers.
Separabledecompositionsareagoodchoicefor acompactgeneral-purposedataformat
to storecompressedBRDFs,asthey allow for fastandaccurateevaluationof BRDFs,
includingthosereconstructedfrom measureddata.
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Figure12: HTSGcopper, Poulin/Fournier’s brushedmetal,Lafortune/Willems’ modifiedPhong,measured
velvet,measuredpeacockfeather, andmeasuredgrey vinyl.

Figure13: Diffusetexture mapscanbe addedto single-termseparabledecompositionsfor the specular
highlight. Left to right: Ward’s anisotropicBRDF; Ward’s anisotropicBRDF (orientedorthogonallyto the
first example);(measured)varnishedwood.
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